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1 . 1 Genera 1 
CHAPTER I 
INTRODUCTION 
A comprehensive network-topological formulation of 1 inear 
structural analysis has been presented in Ref. 1. It has been shown that 
the analysis of I inearly elastic structures composed of ·one-dimensional 
ele~ents is a genuine network problem~ and that the standard methods of 
network analysis correspond directly to those of structural analysis. 
However, in the network problems covered in mathematical and electrical 
engineering literature, the network variables are scalar quantities 
(i.e., currents and voltages) whereas in the structural problem these 
variables are vector quantities (forces and displacements). In order to 
effect the correspondence between the network problem and the structural 
problem, it has been assumed in Ref. 1 that all vector components obey 
identical continuity and equil ibrium relations, and have identical boundary 
conditions. Thus each member and each support joint is assumed to provide 
full fixity in all directions considered, and al I distortion components in 
a member are incorporated in the stiffness or flexibil ity matrix of the 
member. With this assumption it is not necessary to draw separate graphs 
for the individual vector components, and the netwo~k formulation can be 
directly appl ied to the structural problem by simply replacing the scalar 
elements of the topological matrices by appropriate unit matrices, and 
treating all network vectors and matrices as compound vectors or matrices. 
It should be noted that on a digital computer all topological operations 
can be performed by indirect addressing or "bookkeeping", rather than by 
2 
formal matiix multipl ication. Thus, from a programming standpoint it is 
essentially immaterial whether the problem deals with scalar or vector 
variables. 
In actual structures, it is often desirable to prescribe 
additional conditions on individual force or displacement vector components. 
There are two general classes of such conditions. In one class, it is 
specified that certain components of a force vector at a point on the 
member have prescribed values regardless of the actual distortions. 
Although in general any values can be prescribeq the only physical ly 
meaningful value in elastic analysis is zero, corresponding to the usual 
~ 
assumption of hinges or rollers. This class will be cal led reJease A in 
the fol lowing. In the second class similar conditions are imposed on 
certain distortion components. Again, only the case of zero relative 
distortion between two points is physically meaningful. In this paper 
this class will be termed constraint. 
~ 
The purpose of this paper is to extend the neiwork formulation 
of Ref. 1 so that arbitrary specifications of releases and constraints 
can be incorporated into the general network formulation without destroying 
its simpl icity and compactness. 
Before proceeding to the detailed treatment it is well to con-
sider the effect of releases and constraints on the general formulation. 
A released force component reduces the degree of statical indeterminacy 
of the structure by one, and introduces an additional degree of kinematic 
freedom, i.e. the displacement in the direction of the release. In 
* It is rea1 ized that the term release as used herein confl icts with the 
use of the term in certain matrix formulations, where it is used to 
denote a statically self-equil ibrating redundant force system. 
network notation, n, the number of nodes is increased by one, and m, the 
number of meshes is reduced by one. This statement appl ies to both 
member releases and joint releases as defined herein. 
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The situation is completely analogous with respect to kinematical 
constraints at free joints. Such a constraint reduces the degree of 
kinematic freedom by one, and increases the degree of static indeterminacy 
by one, i .e q the force required to maintain the prescr·ibed displacement 
comp·onent a t the cons t ra i ned j 0 i nt . 
Member constraints behave somewhat differently, since ~he member 
force component is an unknown quantity whether or not the corresponding 
distortion component is constrained. Such a member constraint, if 
independent, does reduce the number of degrees of kinematic freedom but 
does not increase the degree of static indeterminacy. However, it will 
be shown that the modification of the member flexibil ity matrix due to 
constraints is analogous to the modification of the member stiffness 
matrix due to releases. 
The reiationship between the conditions considered is summarized 
in Table 1. 
In summary, in the stiffness method, where the nodal displace-
ments are the general ized unknowns, a release would require the inclusion 
of an additional scalar row and column in the stifiness matrix AtKA, 
corresponding to the additional degree of freedom. However, as will be 
shown, the additional degrees of kinematic freedom introduced by releases 
can be el iminated by local izing their effect. On the other hand, a 
1 inearly independent constraint reduces the rank of the stiffness matrix 
AtKA, and the entire matrix must be appropriately modified. 
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. . ... 
Statical Releases Kinematic Constraints 
.. , .. 
Member Support Member Free 
Joint Joint 
.. 
.. . 
. . 
not not con- not con- con- not con-
released 
released released released strained strained strained strained 
Statical 0 unknown 0 unknovm unknown unknown unknown 0 
va r i ab 1 e = = = 
Kinematic 
unknown 0 unknown 0 0 unknown 0 unknown = = = = 
va r i ab 1 e 
Table 1. Effect of Statical Releases and Kinematic Constraints 
In an analogous manner, in the flexibil ity method, where the 
unknowns are the redundant or mesh forces, the flexibil itymatrices of the 
constrained members can be locally modified, whereas the presence of 
releases requires the modification of the entire flexibil ity matrix CtFC. 
1.2 Scope 
The modification of the stiffness formulation due to releases 
and constraints is presented in Chapter 2. As a particular case of releases, 
the treatment of symmetry and antisymmetry is also given. An analogous 
treatment of the flexibi1 ity method is presented in Chapter 3. In Chapter 
4, the implementation of the method in terms of an efficient digital 
computer program is presented. The implementation. is restricted to the 
stiffness formulation. 
Appendix 2 contains all the symmetry and antisymmetry operators. 
Appendices 3 through 5 contain worked-out numerical examples. 
1.3 Acknowledgements 
This study grew out of the first two authors· discussions in the 
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process of implementing the initial STRESS language and programming system2 ,3. 
Since Dr. Mauch's return to Switzerland, where he is currently at the Swiss 
Research Institute for Mil itary Engireering in Zurich, the study was con-
ducted through correspondence. The implementation of the method was per-
formed by Mr. R. K. Kinra, Research Assistant in Civil Engineering, under 
the direction of Dr. S. J. Fenves, Professor of Civil Engineering and 
Research Professor, Coordinated Sciences Laboratory, both at the University 
of 111 inois. This part of the study was sponsored by the office of Naval 
Research under its grant NONR 1834-(03), entitled "Numerical and 
Approximate Methods of Stress Analysis". 
l.4 Notation 
The letter symbols used in this paper are the same as in Ref. l. 
Additional symbols are defined where they first appear. All symbols used 
are arranged alphabetically in Appendix 1. 
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CHAPTER 2 
STIFFNESS FORMULATION 
We consider in turn, the modification of the stiffness formulation 
due to member releases, joint releases, member constraints and joint con-
straints. 
2.1 Member Releases 
The load-deflection relationship for an unreleased member is, in 
local member coordinates (dropping the asterisks used in Ref. 1 to denote 
local coordinates): 
(2.la) 
Fig. 1. Member and Release Coordinates 
In the following, unless otherwise specified, forces and dis-
placements will be expressed at point B~namely at the end of member AS, 
7 
as shown -rn Fig. 1, and in such cases the subscripts wi 11 be dropped, i.e •.. 
R = K V (2.1 b) 
For the released member we assume that a given set of components 
of the member force vector R at some point Q is prescribed to be zero. 
The point Q is assumed to be located either at A or B. While the pro-
cedure described cbuld be extended to include releases within a member, 
such cases can always be reduced to the situation where Q is either at A 
or B by introducing a new joint at Q. The release conditions are assumed 
to be given in a release coordinate system Xl Xl xi with origin at B, 123 
which is related to the member coordinate system at B by a transformation 
matrix T , such that 
r 
V = T V 
r r 
(2. 2a) 
(2. 2b) 
where T is the dispiacement transformation matrix from the release 
r 
system to the member coordinate system at B. The subscript r refers to 
the release system. 
We shall now derive an equation analogous to (2.1), which is 
val id for the released members. Using (2.2a) and (2.2b), Eq. (2.1b) 
can be rewritten as: 
R = Tt K T V = K V 
r r r r r r 
(2.3) 
where we can define: 
K = Tt K T 
r r r 
(2.4 ) 
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We define an orthogonal permutation matrix A = [-~!-J such that 
1\-1 = At (2.5) 
Premultipl ication of R by A rearranges the force vector such that the 
r 
released components are numbered last~ i.e.: 
(2. 6a) 
where (2. 6b) 
By contragradience, the permutation (2.6a) induces a corresponding permu-
tation ,.....f= +-h.c VI \-11\,;,.0 distortion vector components: 
v = (A -I) t V r = A V r = {~!j (2. 7) 
where V2 , the distortions in the direction of the redundants, are to be 
eli m i na ted. 
Substituting (2.6) and (2.7) into (2.3) we obtain: 
{~!j= t~!-J {;j [1\ t t V1 (2. 8a) K A2 1 -~~-r 1 
or, by (2. 6b) : 
[J; l r 1<11 K12l (Vll 
Y:~j = LK~I <:J L~~j (2.8b) ,-0 
,... 
where Kll ........... K22 are defined by (2.8a). Solving (2.8) for Rl , while 
..... 
e1 iminating V2 , we obtain the effective load-deflection relationship in 
the permuted system: 
9 
(2.9) 
,....., 
Now the back-transformation from R to R can be effected from (2.6), using 
r 
the orthogonal ity property of A: 
[At At] t~olJ At ,....., R = = Rl r 1 2 1 (2. 1 0) 
and from (2.7): 
I'V 
V1 = Al V r (2. 11 ) 
Using (2.10) and (2. 11 ) in (2.9) we obtain R as: 
r 
"t '" ,..., ""' .. 1 ~ R = A1 Kll - K12 K22 K21 11.1 V r r (2. 12) 
Equation (2.12) is the modified load-deflection relationship for 
the released member in the release coordinates. Finally, the inverse 
transformation of (2.2) brings us back to member coordinates at the end of 
the member: 
R = 
,...", """-J ""-J_l I"ttJ 
[K ll - K12 K22 K21 ] (2 • 1 3) 
= K V 
where (2. 14) 
The effective stiffness R defined by (2.14) reflects the prescribed releases, 
and rep 1 aces Kin Eq. (2. 1 ) . 
If the releases are specified at end B only, the transformation 
matrix T is an orthogonal rotation matrix, whereas if the releases are 
r 
specified at A, T involve~ both a rotation and a translation from A to B. 
r 
10 
If releases are specified at both ends A and B, the procedure desc r i b.ed 
above is appl ied consecutively at each end. Spec i fica 11 y, if releases 
are specified such that: 
RB2 = AB2 RB = 0 
(2. 15) 
that is, 
where 
T = I at both A and B, the effective stiffness K is 
r 
H = translation matrix from end B to end A. 
A 
K = effective stiffness matrix involving releases 
(2.16) 
at B on 1 y, i. e., T r = I a nd A = AB in (2. 14) . 
1\ Ht AKH KAA = , 
and II = 
If a number of release groups is given such that an unstable 
member is impl ied, this fact becomes automatically apparent in that the 
IV 
matrix K22 in (2.14) or 1\ K22 in (2.16) will be singular if the releases 
which are about to be effected would render the member unstable. 
Finally, it is to be noted that all matrix operat ions involving 
multipl ication by parts of a permutation matrix (such as Al , A2 , or II) 
can be carried out on the computer by logical operations rather.than,by 
actual mUltipl ication. 
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2.1.1 Modificat ion of "Fixed-End Forces ll due to Releases 
The prescribed releases not only affect the member stiffnesses 
but also the 'Ifixed-end force ll vector's due to the appl ied member loads, 
i.e., those forces whlch develop i~ no joint displacements can occur in 
the structure, (the vector P in Ref. 1). We again consider the effect of 
the releases given at point A or B or both. The stiffness of the member 
at B without the releases is KBB = K. The fixed-end forces computed 
without considering the releases are PA and PB, respectively. We can 
assume that the force PB has been computed from: 
(2.17) 
where UB is the cantilever deflection vector at end B due to the appl ied 
loads when the member is cantilevered from A. 
By statics it then follows that: 
p Ij" _ Ht P 
A = ~'CA B (2. 18) 
where rCA is the cantilever reaction vector at A due to the given loads. 
A 
It follows immediately from the definition of K in (2.16) that in the 
case of releases specified at B only we obtain: 
(2. 19) 
(2.20) 
The case where the member start, i.e., end A is released can be handled 
A 
by anaiogy if the effective stiffness matrix K at end A and UA are avail-
able. The case where both ends of the member have released components 
requires special attention because in that case the deflection vector UB 
does not correspond to the actual support conditions of the member A. 
\ 
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Using the same terminology as above, the modified "fixed-end forc~' vector 
at B, including the effects of releases at A and B is obtained as: 
(2.21 ) 
where 1\ K F = I l' + I I K AA 
and I II = 
the other terms having been defined by (2.16). The modified "fixed-end 
forc~' vector at A is obtained from (2.20) as before. 
The detailed derivation of (2.21) has been omitted for concise-
ness. In essence the matrix KF specifies the static equil ibrium relations 
between the unreleased force components imposed by the releases of the 
remaining components. These relations will become much clearer in the 
following section where joint releases are considered. 
2.2 Joint Releases 
.The term joint release as used herein appl ies to support joints 
only. It differs from a member release at the same point if more than 
one member is incident to the jOint in that the joint release requires 
that the total force from all members and external appl ied loads in a 
particular direction on the joint be zero. Each individual member may 
carry forces in this direction as shown in Fig. 2b. 
member end 
moments = 0 
13 
member end 
moments ~ 0 
a) Member releases (hinge) 
at a support joint 
b) Joint release 
Fig. 2. Joint and Member Releases 
The governing equation for the complete structure, including support 
joints, is: 
K~2J {:} = {:} K' u l pi 22 (2.22) 
where ~I and ~I are the displacements and joint forces at the support 
joints, respectively. The submatrices in (2.22) are: 
Kl1 = AtKA 
K12 = AtKA 
K' Itt = 21 = K12 = A KA 
K' = AtKA 22 
(2.23) 
where A and A are the branch-node incidence matrices for the free joints 
and the support joints, respectively, and, as in Ref. 1, A = [A l A]. The 
matrix K' defined by (2.22) is obviously singular, since it includes the 
rigid-body equil ibrium equations as well. 
If no jOint releases are present, it suffices to solve 
(2.24 ) 
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as in Refs. 1. If q joint release components are present, it is necessary 
to append an additional q scalar equil ibrium equation to (2.24), or, 
equivalently~ solve for the q additional displacement components in terms 
of u l , and modify (2.24) accordingly, However, as described in the intro-
duction, the simpl icity of the network formulation is due to the fact that 
joints can be handled as units. Therefore, it is more expedient to modify 
(2.22) in such a way that all joints, whether released or not, are 
described by vectors of the same size. Obviously, support joints which 
have no released components can be omitted from (2.22) in their .entirety. 
In the following, it is assumed that A refers only to support joints which 
contain one or more released reaction components. 
We apply a permutation to ~Iand pi such that the released 
reaction components are numbered last and we also rotate the coordinate 
system from the global orientation into that of the joint releases by: 
"'I t~~!J [-;!-J TR ~I uR = = (2.25 ) 
..... 1 t~t!j [-;!-J TR pi PR = = (2.26) 
where II = [-~-J is the permutation matrix and TR"the rotation matrix. 
In (2.25) and (2.26), ~~l are the prescribed support joint displacements 
in the non-released directions; ~~2 are the q unknown displacements in 
the released directions; ~~2 are the prescribed appl ied joint loads at 
released support joints in the released directions; and PRJ' the IIfixed-
endll loads in the prescribed displacement directions do not enter in the 
15 
N 
analysis. In contrast to member releases, where R2 was taken to be zero, 
it i5 entirely meaningful to assign to PR2. arbitrary values. We can further 
partition (2.22) by introducing (2.25) and' (2.26): 
Kl1 K12 K13 u
l pi 
K21 K22 K23 
"'I uR1 (2.27) 
K31 K32 K33 
"'I 
PR2 
where K 11 = At K A 
K12 
t At K A (ft1TR)t = K21 = 
t At K A t K13 = K31 = (n2 T R) 
K22 = ftl T At K A (ftlTR)t R 
K23 
t =t K A. (n2TR)t = K32 = 01 TR A 
=t = t 
K33 = D2 T R A K A (ft2TR) . 
The third matrix row of .(2.27) gives the q additional equil ibrium 
equations, i.e., 
(2.28) 
We could use' (2.28) to express u~2 in terms of u l and substitute this 
expression into the first matrix row, thus defining an lIeffectivel' stiffness 
-1 
matrix [K 11 - K13 K33 K31 ]· In order to maintain the ease of the network 
formulat ion, however, we proceed as follows. 
The second matrix row contains the redundant equil ibrium equations. 
These can be simply replaced by continuity equations which specify that the 
values of uRl have been prescribed. With this specification, (2.27) is 
16 
replaced by the mixed system (i .e" involving both equil ibrium and conti-
nuityequations): 
o pi ""I 
- K12 uR1 
o o = ""I (2.29) uRI 
o LP~2 K32~~ 1 
where IRl is a unit matrix of order n
1
• Now, performing the reverse 
transformation specified by (2.25) and (2.26), we can obtain the modified 
stiffness matrix analogous to (2.22)~ 
where 
(2.30) 
t t -t - t 
= ( n1 TR) (n 1 TR) + ( n 2 TR) (n 2TR)A KA(n 2TR) (12 2TR) 
= pi _ At K A ( n]TR)t (n ITR) ~, 
" 
= (n1TR)t( nlTR)~' + (n 2TR)t( n 2TR) [P'_AtK A(n lTR)t 
( it l T R) ~, ] 
It can be seen that (2.30) provides a systematic procedure for 
=t -
modifying the non-zero submatrices of A K A so that the specified boundary 
conditions are automatically satisfied. If too many release components 
are prescribed so that the structure becomes geometrically unstable this 
fact will be revealed in the solution process by a singular submatrix of 
K22 . It should be noted, however, that it may be hard to detect insta-
bil ity on a digital computer for very large- structures, because of the 
generation of roundoff errors. 
2.2.1 Symmetry and Antisymmetry 
17 
A particularly useful appl ication of joint releases can be made 
for structures and loadings which exhibit symmetry or antlsymmetry about 
one or more axes or planes. 
While treating the subject of rigid frame analysis, Hoff4 
states that: 
!lIn a plane of symmetry the shear force must vanish, and in a 
plane of antisymmetry the tensile (or compressive) force and bending 
moment must van ishll . 
Evidently, Hoffls requirement is equivalent to an imaginary fixed roller 
in a plane of symmetry, and an imaginary hinged roller in a plane of 
antisymmetry as shown in Figs. 3.a. and 3.b. 
of symmetry~ 
"ok I 
I' 1..- L/.2. 
rig. ).a. Symmetry 
;a:D""tt',= 
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of AntiSymmetry~ 
,ck l 
III " 
I~ 
L 
Fig. 3.b. Ant~ymmetry 
In order to extend the principle to other structures it need 
only be noted that when the problem is one of symmetry, only the forces 
acting in the plane of symmetry must be released; when deal ing with a 
problem of antisymmetry, on the other hand, only the forces acting per-
'--, 
pendicular to the plane of antisymmetry must be released. It follows, 
then, that a symmetrical or antisymmetrical structure can be halved by 
treating the joint on the axis of symmetry or antisymmetry as a support 
joint with appropriate releases, and applying the procedure described in 
Section 2.2. 
When the axes of symmetry or antisymmetry are parallel to the 
global axes, i.e., TR = I, the nature of joint releases can be con-
veniently defined by the diagonal operator J~I 
I 
t 
= n~ O?, which consists 
"- &.. 
of zero elements except for unit elements in the diagonal locations 
corresponding to the released force components. Thus, for a plane frame 
symmetr-ical about the Y axis, as in Fig. 3.a., Ji' for a joint on the axis 
of symmetry is: 
.. 
ot l J J 1 = O2 -. 2 
19 
It is noteworthy that, by definition: 
JII ( ant i s ymme try) = II (symmet ry) I-J 1 1 
A table of all appl icable symmetry and antisymmetry operators 
for framed structures is given in Appendix 2. 
An important consideration in the reduced structure is that the 
section properties of members lying in the plane of symmetry or anti-
symmetry should be taken as half their values in the complete structure, 
as shown in Fig. 4. 
. ~Axis of Symmetry 
~ Ilok 
,A 
I 
L L >1 loG ~ I 
Fig. 4. Member In the Plane of Symmet ry 
It should be noted that if a structure is to be analyzed for 
both symmetric and antisymmetric loadings, only a very small portion of 
(2.30) has to be modified between the two analyses. 
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2.3 Member Constraints 
Parallel ing the case of member releases, we assume that a given 
set of components of the member distortion vector V at some point Q is 
prescribed to be zero, and for simpl icity assume that Q is either at A or 
B. The constraint conditions are assumed to be given in a constraint 
coordinate system related to the local member coordinate system by a 
transformation matrix T , i.e. : 
c 
V = T V 
c c 
R = (T -1) t R 
c c 
so that (2.1) can be rewritten as: 
R = Tt K T V = K V 
c c c c c c 
We again define a permutation matrix r such that: 
IV 
where V2 = 0, and by contragradience: 
Eq. (2.32) can now be rewritten as: 
[~!1 [:!J K r t = 
lR2 L r2 J c 
so that 
IV 
rt Rl = r 1 Kc V1 1 
(2.31a) 
(2.31b) 
(2.32) 
(2.33a) 
(2.33b) 
r tl [~!1 2- LO) (2.34a) 
(2.34b) 
Back-transforming first into constraint coordinates and then 
21 
into member coordinates yields: 
(2.35) 
where the effective stiffness K is: 
K = (T~ 1) t I I 
C 1 (2.36 ) 
and III = r~ I'l 
t'V 
It is to be noted that using (2.35) gives R2 = 0 in the constrained 
directions unless the corresponding elements of K are infinite. However, 
c 
t'V 
in what follows an expl icit relation will be derived to obtain R2 by statics 
from Rl . 
As pointed out in the introduction, the effective stiffness 
matrix K cannot be directly substituted into the governing stiffness 
equations 
At K A u l = pi (2.37) 
because (2.33) also specifies kinematic constraints between the unknown 
joint displacements u l • Redefining the vectors V, R, V , and R to per-
c c 
tain to the entire (unassembled) structure rather than to a single membe~ 
(2.33) can be interpreted as a permutation which renumbers the vector 
components so that the constrained distortion components of all members 
N 
are numbered" last in vector V. We assume that there are altogether c 
constrained member distortion components. Thus, (2.33) specifies c con-
~traints on the d1splacements 
""'v = 0 = r T- 1 TAu I 2 2 c 9 (2.38) 
where T is the transformation matrix from member to global coordinates. 
9 
--In general, if c constraints of the type (2.38) are specified, 
only c < c of these are 1 inearly independent, as is well-known from the 
0-
standard rigid frame analysis in which all axial distortions are cor.-
strained to be zero. Denoting by nj the number of free joint displace-
ment components, (2.38) reduces the rank of AtKA from nj to nj-co~as 
illustrated for the rigid plane frames shown in Fig. 5. 
nj::. 6 
c = Co ;::3 
!hj:- (co -=5 . 
(a) 
nj =-·6 
c ;:: co::: 4. 
cnj'_ to; d .2. 
. (b) 
nj = b 
c=5" 
to=4 
~j -co:;;' 2. 
(c) 
Fig. 5. Effect of Axial Constraints 
By applying the Gauss el imination·procedure to (2.38), c 
o 
linearly independent equations involving c components of V can be 
o 
isolated. The same procedure operating on the columns of (2.38) will 
isolate c components of u' which are completely specified by the 
o 
remaining nj-c components, i.e., are dependent variables. This process 
o 
can be symbol ically represented by two permutation matrices rl and ~ 
as fo 11 ows: 
22 
A 
r'v 
= ~;i-~::r = ~~!~ V = c (2.39a) 
AI 
u = 6 u' 
t ' 'A" 
= -~~:j = ~~;j (2.39b) 
23 
A AI AI • /\. 
V2 and u2 are of order co' u1 IS of order nj-co ' and VI is of order b.;.co ' 
where b is the total number of member distortion components. Combining 
(2.39) with the continuity relationship for the structure, and using the 
orthogonal ity property of the permutation matrices, we obtain 
,t~!J [All Al~ {~tJ (2.40) = A2l A22 
where All = rl (T-1)T A 6,t 1 c 9 1 
Al2 = . r
l (T-1)T A 6,t 
1 c 9 2 
A21 = r! (T-1)T A 6,t 2 c .g 1 
A22 = r
l (T-1)T A 6,t 
2 c 9 2 
We note that the submatrices All ... A22 are not purely topological matrices, 
but include geometric transformations as well. AI Now by the choice of u2' 
.-;'.~ 
A22 is non-singular 4 The second row of (2.40) therefor~·specifies the c 
o 
kinematic constraints on u l , and enables us to solve for ~2 in terms of 
"'I U l' name 1 y: 
= (2.41) 
whence 
(2 .. 42) 
By contragradience, (2.40) imposes the following static relation ... 
ships between the member forces R and j 0 i n t 1 oa d s pi, after these have 
been permuted in the same fashion as V and u I : 
(-~~} ::: r A!l A~l l {-~=1 (2.43) l P2 LA12 A22.J \. ""z. 
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The second row of (2.43) specifies the c dependent equil ibrium relation-
o 
ships of the member forces imposed by (2.41): 
(2.44 ) 
which enables us to solve by statics for the forces ~ in the direction 2 
" of the independent constraints V2 : 
A (A t )-1 R = 2 22 
Substituting (2.45) into the first row 
A At pi 
= All 1 
1\ A.I t (A t )-1 where pi = pi - A2l 1 1 22 
and A -1 All = All - A12A22A21 
(~I t A) 
. P 2 - A]2 R] (2.45) 
of (2.43) yields 
A 
Rl 
pi 
2 (2.46) 
By the same reasoning, substitution of (2.42) into the first row of (2.40) 
yields: 
A 1\ 
Fir.ally, Rl and V1 are related by an expression similar to (2.34b), 
except that 1" is replaced by r l , i.e .. : 
where K = 1"1 K T'l t 1 c 1 
(2.48) 
We recall that r 2 has Co rows, whereas r 2 in (2.33a) has c rows, with 
Co ~ c. Comb j n i ng (2.46), (2.47) and (2.48) yi e 1 ds the n-c
o 
reduced 
equil ibrium equatio~s: 
(2.49) 
The first method of solution would now be to solve the reduced equations 
(2.49) for the variables Ci' and then use the kinematic relation (2.42) 
b • j\ I to 0 taln uZ" The original variables u
l
. can the.n be recovered from 
(2.39b) as 
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(2.50) 
This method has the advantage that only the reduced number of equations 
must be solved. In the case of a plane frame where a rigid frame analysis 
in the conventional sense is sufficient (by constraining all members in 
the axial direction), this can give reductions in the order of equations 
of 50% or more and results in ~ significant reduction in processing time. 
The procedure, however, has the disadvantage that the joints 
can~ot easily be handled as units during the solution of (2.49). The 
alternate method is to append to (2.49) the kinematic constraint equations 
(2.42) to yield 
= (2.51 ) 
Before'transforming (2.51) back to original coordinates, we render it 
symmetrical again by the fol lowing operation: In order to obtain 
dimensional homogeneity we premultiply the geometric constraint equations 
by a diagonal matrix of the dimension of stiffness (this is only formally 
necessa ry, and K.o can be arb i t ra ry) : 
(2.52) 
If we append (2.52) to (2.49) we obtain: 
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= (2.53) 
() ( -1 )t 1\1 We now add to the fi rst row of 2.53 the term KoA22 A21 . u2 on both 
sides, and ob~ervjng that (2.52) holds we obtain 
I 
I 
I -1 t 
t - 1 t - 1 I (K A A ) 
+ A21 (A 22 ) KoA22 A21 I 0 22 21 -------------~----------~--------------I 
-1 I 
KoA22 A21 : K o 
where K = Kt has been used. For numerical computation K can simply be 
000
taken as a unit matrix. The matrix in (2.54) is symmetrical even if A22 
is not. If we choose K = I, (2.54) becomes simpler in its form: 
o 
rAt 1\ " -1 t -1 : -1 t l Al1KllAll + (A 22A21 ) A22A21 I (A22A21 ).1 
= I ----------:~-------------------~-----------~; I (2.55 ) L Azi AZ 1 I ,-J 
This equation is transformed back to the original joint coordinates using 
(2.39b) and the previously establ ished relat ions: 
(Z.56) 
and (2.57) 
Finally, when all the transformations have been effected, we obtain: 
(2.58) 
27 
where B1 = JI [ (6 t -1 I T- 1 T A)t] I- 2A22 r 2 c g 
B2 ::: r l T-
1 T A 6t -1 I" T- 1 T A] JI 
1 c g [I~ 2 A22 2 c g 
B3 Lt 
~ 1 I'\ T .... 1 T A J' = A22 2 2 c g 
JII + J' -1 I'm -1 T A] t -1 I'l T-1T A Jl B4 = [A22 T A22 2 c g 2 c g 
1\ pi Tt K T pit Kll = 1 c c 1 
JI 
= 
Lt 6.
1 1 
J" = t 6 2 6 2 
and A22 pI 
-1 T A 6. t = T 2 c 9 2 
It should be noted again that with the exception of the inversion 
of A22 , all modifications involve only operations with the permutation 
matrices P, p' and 6:., which can be performed by "bookkeeping" operat ions. 
The details of the bookkeeping are presented in Chapter 4. 
In the case where c > c , i.e., the kinemat ic constra ints are 
o 
1 inearly related~ there are not enough independent equil ibrium equations 
to co~pute the member forces in the constrained directions. This can be 
seen from Fig. 5.c., where there is an infinite number of distributions 
of shears in the vertical and incl ined members which satisfy joint 
equil ibrium. The procedure described above automatically provides zero 
force components in the direction of the dependent constraint components, 
i.e., those in P2 but not in P2" However, because of the el imination 
procedure used, there is no prior knowledge of the sequence in which Pz 
is generated from P2• The computer program described in Chapter 4 stops 
with an error message if c ~ c . 
o 
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2.4 Joint Constraints 
If certain displacement components of free joints are constrained 
to have specified values: these jnints can simply be treated as support 
....." joints with the constrained displacements, specified by uRl . The pro-
cedure of Section 2.2 can then be appl ied without modification. 
2.5 Sequence of Operations 
.In a structure containing member releases, member constraints, 
and joint releases, the sequence of operations is: 
a) Modify member stiffness matrices and "fixed-end!' force 
vectors due to member releases using the procedure of Sections 2.1 and 
2. 1 . 1 • 
b) Modify the member stiffness matrices again due to member 
constraints using Eq. (2.36) of Section 2.3. 
t'" -t ~ 
c) Assemble the structure stiffness matrix A KA (or A KA. if 
joint releases are present), using the modified member stiffness matrices 
obtained from a) and b) in K. Assemble the equivalent joint loads using 
the mod ified tl.fixed-end forces" 0 
d) Modify the structure stiffness matrix AtKA due to member 
constraints by the procedure of Section 2.3. 
e) Modify the structure stiffness matrix again for the presence 
of support joint releases or free joint constraints by the method of 
f) Soive for the displacements and back~substitute to get member 
distortions and member forces, using for the latter the modified member 
stiffness matrices obtained from b) above. 
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CHAPTER 3 
FLEXIBILITY FORMULATION 
The modification of the flexibil ity formulation due to member 
constraints, joint constraints, member releases, and joint releases will 
be described. 
3.1 Member Constraints 
As pointed out in the introduction, the modification of the 
flexibil ity formulation due to member constraints parallels the modifi-
cation of the st iffness formulation due to member releases, in that the 
modification can be accompl ished locally, i.e., in member coordinates. 
In contrast to the stiffness formulation, however, a constraint does not 
increase the degree of indeterminacy, as the force in the direction of 
the constrained distortion is already included in the static relationship: 
R = P + Cpl (3.1) 
Consequently, all that is necessary is to e1 iminate from the 
load-deflection relationship 
v = FR (3.2) 
the components corresponding to the constrained distortions. Defining, 
as in Section 2.3: 
v = T V (2 .. 31a) 
c c 
R = (T- l ) t R 
c c 
(2.31b) 
we have: V = (T - 1 ) F (T - 1 ) t R = F R (3 .. 3) c c c c c c 
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Permuting rows and columns of (3.3), and observing that V2 = 0 yields 
(3.4) 
Back-transforming as in (2.35) finally yields 
r 1 T~ R = F R (.3.5) 
where (3.6) 
and II = 1 . 
The effective flexibil ity matrix F defined by (3.6) replaces F 
in (3.2). Using this effective flexibil ity matrix in the subsequent 
analysis to obtain pI, and ba~ksubstituting using (3.1) automatically 
yields the proper member forces in the constrained directions. 
3.2 Joint Constraints 
When a free joint component is constrained to have a specific 
displacement, the degree of indeterminacy of the entire structure is 
increased by one, namely the reaction in the constrained direction becomes 
an additional redundant. This case is identical to the case of joint 
releases in the stiffness method, where each support joint release 
increases the degree of kinematic freedom by one. 
Proceeding as in Section 2.2, we may either e1 iminate the 
additional redundant, or append additional equil ibrium equations to handle 
the joint with constrained displacements as a unit. However, as described 
in Section 2.4, a free joint with constralnts can always be handled as a 
support joint with releases, and a single procedure for the latter is 
suffic~ent. Such a procedure is described in Section 3.4. 
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-3.3 Member Releases 
Continuing the paralle1 between the two methods, the case of 
member releases in the f1exibi1 !ty method closely parallels that of member 
constraints in the stiffness method, in that the member releases define 
1 inear dependence relationships on the mesh forces (redundants), which 
must be e1 iminated when formulating the mesh continuity relationships. 
and 
where 
We define, as in Section 2.1 
v = T V 
. "'" 
V = AV 
r 
r r 
,~ 
\ ... ) 
(2. 2a) 
(2.2b) 
(2. 7) 
(2. 6a) 
(2.6b) 
The unreleased force and distortion components are related by 
a modified effective f1exibil ity matrix 
v = F R (3.7) 
where (3.8) 
Redefining the vectors V, R, V , and R as pertaining to the 
r r 
entire unassembled structure, the permutation defined by (2.6) and 
(2.7) renumbers all released force components last. If there are 
altogether e released member force components, (2.6b) combined with (3.1) 
prescribes e static relationships on the redundants, 
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(3. 9a) 
or (3.9b) 
where T , the transformation from member to global coordinates, is needed g 
because the redundants pI are assumed to be expressed in global coordi-
nates. The redundants may likewise be permuted to yield 
(3. 1 0) 
!V ", 1\, R2 and P2 are of order e, PI is of order m-e, where m is the degree of 
indeterminacy of the structure, and Rl is of order b-e. Combining (2.6a) 
with (3.10) yields 
{~!} [ C11 C12 J {~i} + [-~!-J p (3. 1 1) = C21 C22 
where C 11 = A1 Tt (T-1 ) t C ~ t r g 1 
C12 = "/I. 
Tt (T-l ) t C ~ t 
1 r g 2 
C21 
A Tt (T-l ) t C 6,t 2 r g 1 
C22 = A Tt 
(T-1 ) t C 6,t 2 r g 2 
D1 = .'\1 Tt r 
D2 = /I. Tt 2 r 
The partitioning (3.10) can always be performed so that C22 is 
non-singular. (If e22 is singular, the releases have rendered the 
structure unstable). Setting R2 = 0, the second row of (3.11) yields the 
equil ibrium equations imposed by the releases: 
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(3. 12) 
which yields the solution: 
Continuing the argument as in Se(tion 2.3, contragradience 
imposes on the mesh continuity equations: 
the following relationships: 
(3. 15) 
where Ul is the relative displacement in the direction of the redundants 
due to external effects other than the member loads included in P, and Ul 
is partitioned in the same manner as ~I. The second row of (3.15) 
specifies the e dependent continuity equations caused by (3.9), which 
enables us to solve by kinematics alone for the distortions V2 in the 
direction of the released force components: 
(3. 16) 
Substituting (3.16) into the first equation of (3.15) yields: 
(3. 1 7) 
where 
In an identical fashion, the substitution of (3.13) into the first row of 
(3. 11) y i e 1 d'S : 
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I'V A. 
". 
1\ 
. (3. 18) Rl = ell p] + D] P 
A 
-1 
where: D1 = D - C12C22 D2 1 
IV IV 
Final ly~ V1 and Rl are related by a flexibil ity matrix in the permuted 
release coordinate system: 
" '" = F R 1 (3.19) 
1\ 
where: F = 
Combining (3.17), (3.18) and (3.19) yields the reduced continuity equations: 
At 1\ 1\ 1\. At 1\ " 1\ (3.20) ell F C11 P + ell F D1 P + u' = 0 1 
Aga i n, two methods of solution are possible. One can solve for ~2 by 
(3.13) and thereby el iminate it when solving for ~l from (3.20). 
Alternately, if the network nature of the problem is to be maintained, 
the reduced continuity equations may be augmented by (3.12) to obtain: 
(3.21) 
The above equations can be made symmetric and back-permuted into the 
original member and global coordinate systems, yielding fina11y 
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(3.22 ) 
vJhe re 
.A. T t (T'" 1 ) t C [1 _ t -1 A Tt(r-1)tC]J i H2 = b.,. 2 C22 1 r 9 2 r 9 
t -1 A It (T- 1 ) t C J I H3 = 6 2C22 2 r 9 
H4 = J II + J I [C- 1 22 A Tt(T-l)tC]t C-
1 
2 r 9 22 
A T t (T- 1) tc 
2 r 9 
JI 
Q1 .J I ctr"" 1r At (C-1)t 
-1 A rt 
= C22 9 r 2 22 2 r 
~ .6. t '""1 A Tt = C22 2 2 r 
Q3 = -H C
t T~l T At 
1 9 r 1 
~= A Tt [1 ... (T-1 ) t C Clz] 1 r 9 
JI t 
= b. 1 .6. 1 
.J II = t b. 2 .6. 2 
e22 = 
A Tt (T-1) t c .6. t 2 r 9 2 
1\ (T'" i ) F' (T'" 1 ) t At and F = Al r r 1 
. An interesting special case is when e = m, i.e., when there are 
d d 1\ I· h h f (3. 1 3) Ap21 b no true re un ants Pl In t e system, so t at rom can e 
obtained by statics alone: 
(3.23 
This corresponds to a general ization of Henneberg1s method for solving 
complex trusses5: the IIredundantsU P2 are chosen in such a fashion 
that the fo~ces in the direction of the true releases are zero. 
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3.4 Joint Releases 
The case of joint releases is quite similar to the case of 
member releases discussed. Instead of specifying: 
it = 0 2 (2. 6b) 
we specify, using the nomenclature of Section 2.2, that: 
(2.26 ) 
is arbitrary. Since by statics: 
- =t pi = A R (3;; 24) 
the joint releases specify the fol lowing static relationships on the 
redundants: 
PR2 = .n2 T~ At [p + (T~l)t Cp']· (3.25a) 
or o = n T tAt [p + (T - 1 ) t C '] - PR' 2 2 R g p. (3.25b) 
Comparison of (3.25b) with (3.9b) shows that the two kinds of releases 
are identical, the only difference being that in the case of jOint 
t-t t ""'I 
releases, the operator TRA replaces Tr' and that the known quantity -PR2 
appears on the right-hand side. We can therefore complete the solution 
as in the previous section by selecting the dependent redundants P2 and 
appending (3.25b) to the reduced continuity equations. 
3.5 Sequence of Operations 
The sequence of operations for a complete flexibil ity analysis 
is exactly the ·reverse of that for the stiffness analysi~: 
a) Modify the member flexibil ity matrices due to member con-
5traints by the procedure of Section 3.1. 
b) Modify the member flexibil ity matrices due to member releases 
u sin g E q • (3 • 8) 0 f 5 e ct ion 3 .. 3 .. 
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c) Assemble the mesh flexibil ity matrix CtFC and the column 
vector Ul • 
d) Modify the mesh flexibil ity matrix for the presence of member 
and joint releases. Because of the similarity of the two procedures, it 
is best to combine these into a single process. 
e) Solve for the redundants and back-substitute to get member 
forces. For distortions and displacements, use the modified member 
flexibil ity matrices obtained from a) and b) above. 
38 
CHAPTER 4 
IMPLEMENTATION 
4.1 Introduction 
This chapter deals with the implementation of the methods pre-
sented in the previous chapters in the form of digital computer programs. 
The processing of member releases in the stiffness formulation i~ 
i~corporated into the STRESS system2,3 and will not be discussed here. 
The vers ion of STRESS described in Ref. 3 also contains a procedure for 
treating joint releases. However, it is based on the first formulation 
discussed in Section 2.2, namely the q by q matrix K33 in (2.27) is 
t generated and inverted separately, and then KII = A KA is modified 
accordingly. This departure from the network formulation is in fact one 
of the most serious 1 imitations of STRESS. Since the entire matrix of 
scalar coefficients must be generated as a unit, it has been necessary 
to restrict its size to a maximum of 60 joint release components. 
In the following sections, the programs for processing member 
constraints and joint releases in the stiffness formulation are presented. 
The processing of member constraints follows the development of Section 
2.3, and is completely general, except that it is assumed that the member 
constraints are specified in the member coordinat~ system, i.e., that 
Tc = I in (2.31) et seq. Also, no provisions other than an error exit 
are made for the case of c > c , i.e., for structures rendered kine-
a 
matically indeterminate by the presence of constraints. It follows, then, 
that rl = r. 
The processing of joint releases follows exactly the develop-
ment given in Section 2.2. 
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-The implementation of the modifications in the flexibil ity 
formulat ion has not as yet been undertaken, because no programs exist at 
this time for the processing of the ge~e;al network flexibil ity formula-
tiona 
4.2 Joint Releases 
In implementing the method described in Section 2.2 for the 
treatment of joint releases, symmetry and antisymmetry,. the following 
simpi ifying assumptions were made: 
(i) The release coordinates were assumed to coincide with the 
global orientation, so that TR = I. 
(ii) The specified·support joint displacements in the unreleased 
..... 1 directions, uR1 ' were considered to be zero in all cases, i.e., 
""'"I _ ot () =, " 
'"'R 1 WOf 1 ~~ 1 u :::: U 
Incorporating these simpl ifications, Eq. (2.30) reduces to 
[ ~11 :12 ] {~} = {::} (2.30) K21 K22 
where A Kll = AtKA 
1\ At t - II ~12 = K21 = A K A J 1 
~22 Ji + Jil At K A u = J 1 1 1 
", 
'P 1 = Pl 
". " pi P2 = J 1 
JI 
= 
nt 
n 1 1 1 
and I - JI 
1 
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Since n represents a permutat~c~ matrix wh~Gh causes the released reaction 
comDonents to be numbered last, J 1 and J 1' are s imply unit matrices with 
zero diagonal elements 1n the locations corresponding to the released and 
unreleased directions, respectively. 
The effective stiffness matrix, K, of (2.30). can be expressed 
as :. 
1'\ 
K = [I + 
The pre~ and post=multipl ication of AtKA by [I ! J 11] is clearly equivalent 
to setting the rows and columns corresponding to the unreleased reaction 
components equal to zero, while the addition of J 1 only requires unit 
elements to be placed in the diagonal locations corresponding to the un-
released components. 
" The effective load vector, P, may be written as: 
A 
P = [I J II] 1 
in which the effect of pre=multipl icat!on by [I J 1'] is to reduce the 
joint loads corresponding to the unreleased reaction components to zero. 
In the computer program, information pertaining to the released 
and unreleased reaction compor.en~s at a support joint with releases is 
provided by means of an input vec~or of size jf, which consists of ones 
and zeros in the terms correspond;ng to t he released and unreleased 
reaction compo~ents of the joint, respectively. This is equivalent to 
reading Tn the principal diagonal of J 1'. Simple bookkeeping is then 
employed to set the stiffness matrix columns and rows, as well as the 
joint load elements corresponding to the unreleased directions equal to 
-t -
zero. Finally~ the diagonal elements in A KA which correspond to the 
unreleased directions are restored to unit elements in order to satisfy 
continuity. 
4.3 Member Constraints 
The basic equation to be generated and solved is 
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8 pi 
1 = [~~ ~11 B2 + B3 + B; + B~l u' (2.58) 
where, with T = I and r = r' , 
c 
'-./" 
AtKA 
8 At A- 1 r T A J' 3 = L..:.2 22 2 g 
61') = r 1 T A [J' - 8~] 
~ I 9 J 
J II + J' -1 84 = [A22 r 2 T g A ] 
8 1 = J' - 8
t 
3 
t [A- 1 r T A] J I 22 2 g 
The generation of (2.58) considering the whole structure at a time would 
involve very large matrices and time-consuming operations. For this 
reason, it is generated by considering one member at a time and deter-
mining its contribution to (2.58) due to the inter-relation between the 
member end joints and the remaining joints of the structure. The 
procedure is described in the following st€ps. 
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Step 1: Generation of [r~ 
For each member III is a diagonal matrix indicating which member 
deformations are constrained. Thus, for a plane frame member with axial 
deformations constrained: 
The product T A for a structure can be written as g 
[T g 1] ~HBAl o I o --
where 
[T 92] o -HBA2 I 0---
H 
" 
" 
" 
" "-
"-
" 
" 
" (nb, nb) (nb ,n) 
nb = number of members 
n·= number of free nodes 
BA .. = 
I 
displacement transformation matrix from end 
B to A of member i. 
In order to generate [r2 T9 A] the members are considered one 
at a time. If a member is constrained it contributes to [r2 T9 A] in the 
following manner: 
(i) If the negative end is incident on a free joint, the 
appropriate rows corresponding to the constrained directions (indicated 
by Ill') are copied from the rotation matrix of the member, T ., into 
9 1 
f'f'l T l\ 1 
lJ> 2 I 9 nJ .. 
(1 i) If the positive end is incident on a free joint, the 
product -TgiHSAt is formed and then the rows indicated by 11' are placed 
into the approprlate locations in [r2 Tg A] by bookkeeping. 
.. 
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The rows of [r2 Tg A] are generated in the order in which con-
strained member components are encountered. For back-reference purposes, 
an array of pointers is generated to rela~e every row of [r2 T A] to . g 
the corresponding component of V in the unperturbed order. 
Step 2: Choice of Joint Displacements to be Constrained 
The relation specifying the displacement constraints is: 
o = [r T A]u' 2 g (2.38) 
The size of [r2 Tg A] is c x nj, where c is the number of member con-
straints and nj is the total number of displacement components, u'. The 
ran k 0 f [r 2 T 9 A], c , 
o 
is determined by Gauss e1 imination. If c = c 
o 
there are as many independent jOint constraints as there are member 
constraints. At the present stage only such problems are handled; if 
c > c , the problem is discontinued. 
o 
The joint displacements to be constrained are indicated by the 
c 1 i nea r 1 y independent co 1 umns of [r 2 T g A]. Once the independent 
columns are determined,. therefore, the nature of the permutation matrix 
~ is defined completely, because ~ is meant to permute the joint dis-
placements such that the constrained displacements are numbered last. 
Thus, ~ consists of c rows extracted from a unit matrix, such that the 
row number~ extracted are the same as the column numbers of the 1 inearly 
. independent columns of [r? T A], whereas ~1 consists of the remaining 
. - 9 
rows of the same unit matrix. In the computer program it is not necessary 
to generate ~l and ~2 expl icitly; the information conv~yed by them can 
be condensed into a single vector NCP of size nj consisting of positive 
and negative elements corresponding to the unconstrained and constrained 
displacement directions, respectively. At the same time, the vector NCP 
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also serves to define JI = 6~61 and J" = 6~62' since these operators are 
evidently diagonal matrices of size nj x nj, which consist of unit elements 
in the terms corresponding to the unconstrained and constrained disp1ace-
ment directions, i.e., the positive and negative elements of NCP, and 
zeroes elsew;lere. Hence, it is not necessary to generate JI and JII 
forma 11 y. 
At this stage, the matrix A22 given by: 
t 
can be generated by bookkeeping, because the post-multipl ication by 6 2 
indicates that A22 is simply made up of the columns of [r2 Tg A] corres-
ponding to the constrained displacement directions, i.e., the i ineariy 
independent columns. 
Step 3: Generation of B3 
The basic matrix to be generated is: 
The matrix A22 evaluated in Step 2 is inverted and, hence, the product 
-1 [A22 r 2 Tg A] of size c x nj is evaluated by formal matrix multiplication. 
Now, as stated before, 6 2 , which is also of size c x nj, consists of rows 
from a unit matrix corresponding to the joint constraint directions. 
t -1 Therefore, the product 6 2 [A22 ri Tg A] of size nj x nj is obtained merely 
-1 by copy i ng the rows of [A22 r 2 T 9 A] . into the rows co r respond i ng to the 
jOint constraint directions, which are identified by the negative elements 
of NCP. The remaining rows of 6~[A;~ r 2 T A], which correspond to the g . 
unconstrained directions consist entirely of zero elements. Finally, B3 
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~- t -1 is obtained by post-multiplying 6 2 [A22 r 2 Tg A] by JI; this is not done 
formally, because all that is necessary is to set the diagonal elements 
correspondl~g to the joint constraint directions equal to zero. 
The matrix B3 for the complete structure is made up of n 2 
5ubmatrices, each of size jf2 where jf is the number of vector compone~ts 
per element or joint. Many of these submatrices co~sist entirely of zero 
elements. At this point, therefore, the elements of each submatrix are 
te~ted and a table, IB 3) of size n x n is generated, which indicates the 
zero a~d non-zero submatrices In 83 " Only the non-zero submatrices are 
stored sequentially for future use. 
Step 4: Generation of B~~l l~2 
" The matrices 82 and Kl1 are given by: 
82 = r 1 Tg A[JI - 83] 
'R'll = r 1 K rf 
t "-The product B2 Kl1 82 can be rewritten as: 
where 
and = Tt II K II T g 1 1 g 
(401) 
For a single member, whose positive and negative ends are identified by 
jp and jm, respectively, (4.1) is given by: 
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-[ r- . t· -H I jp jm 
..... 
= Z~ HtKEBHZ. - Z~ HtKEBZ. - Z~ KEBHZ. + Z: KE·BZ. JP JP JP Jm Jm JP Jm Jffi 
The contribution of a single member to B~'Kl1B2' therefore, is 
n n t t ~ ~ (Z A KEBAZ) .. 
j=l i=l IJ 
n n t t t t 
= I: ~ (Z. . H KEBHZ. . - Z. . H KEBZ. . j=l i=l I,JP JP,J I,JP Jm,J 
t t 
- Z. . KEBHZ. . + Z. . KEBZ, . ) I,Jm JP,j I,Jm Jm,J 
(4.3) 
t 
= (HZ. . - Z. .) KEB (HZ. . - Z. . ) I,JP I,Jm JP,j Jm,J 
.The flow diagram shown in Fig. 4.1 describes the procedure used 
in the program to generate B~KllB2 and, hence, determine its contribution 
to AtKA. 
Step 5: t t Contributions of B3 and B3 to A KA 
Table IB3 an~ the previously stored non-zero submatrices of B3 
provide sufficient information to determine the contributions of B3 and 
at AtKA I f I B3 . d 1 h t h b .. 3 to. .. I S non - zero an e qua tom, t ems u ma t r I x I n IJ 
the array of non-zero B3 submatrices is copied into the appropriate 
diagonal or off-diagonal submatrix of AtKA by bookkeeping. Simultaneously, 
the transpose of the same submatrix is also added to AtKA. 
Step 6: Contribution of B4 to AtKA 
From Eq. (2.58):; 
Ii :1t!f[ 
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where J II At 1\ = L..l2 L..l2 
It is reca 11 ed t ha t J II is a diagonal matrix with non-zero unit elements 
on the principal diagonal in the locations corresponding to the constrained 
joint displacements. Hence, the contribution of J" to AtKA is easily 
evaluated by bookkeeping. 
The non-zero elements of JI are identified by the poskive 
elements of the array NCP described previously. Each element ij of the 
-1 t-1 
matrix product [A22 r 2T A] [A22r 2T AJ is given by the summation of the . g g 
product of column i of [A;~r2TgA] with column j of [A;~r2TgA]. In view 
of the pre- and post-multipl ication by J 1 , only the elements which 
correspond to the positive elements of NCP are evaluated and then added 
to the appropriate diagonal or off-diagonal matrices of AtKA by bookkeeping. 
Step 7: Modification of Joint Loads 
The modification matrix is: 
.... t 
- I:) 3 
The flow diagram shown in Fig. 4.2 describes the procedure followed in 
the program to evaluate the modified joint ioads. The procedure is 
further illustrated in Appendix 3. 
The modified equation (2.30) or (2.58) can then be solved in 
the normal manner, i.e., treating submatrices and subvectors as units. 
.,.· . .&x 
IP ~ 0, 1M = 0, Z ::: 
P 
IF J := JP -- Z ::: 
P 
IF IB3(JP,J) f 0 ---
IF J ::: JM -- Z = 
m 
IF IB3(JM,J) f 0 
" DO 4' I = 
Z ::: 0 
m 
JJ' ., IP = 1 
P,j 
Z = Z -83, ., I P = P P JP,J 
J! ., 1M ::u: 1 Jm,J 
Z = Z -83 , ., 1M = 1 m m J ffi,j 
n-' 
1 .. , 
I'I'~ 
I and I83 
t t t 
A KA iJo :: A KA i .+Z tK Z . J' m m mJ 
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------------------------------~ a~----------------------------~ 
Fig_ 4.1 t ' Generation of 82 K11 82 
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DO 0: I ::::: 1, N 
Z=J ~ -B3t .. J IJ 
Fig_ 4.2 Evaluation of Modified Joint loads 
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APPENDIX 1 
NOTATION 
The following symbols have been adopted for use in this report~ 
Symbo 1 s 
A = branch-node matrix; 
A· = augmented branch-node incidence matrix; 
A = branch-node matrix for support joints with one or more 
released reaction components; 
b = number of branches in network; 
C = branch-mesh matrix; 
c = number of specified member constraints; 
c = number of 1 inearly independent constraints; 
o 
e = number of released member-force components; 
F = '.' flex i b i 1 it Y ma t r i x ; 
H = 
I = 
jf = 
K = 
= 
= 
m = 
n 
nb = 
nj == 
translation matrix from end B to end A of member; 
un i t ma t r i x ; 
number of vector components per member or joint; 
stiffness matrix; 
arbitrary diagonal matrix; 
matrix specifying the static equi1 ibrium relations between 
the unreleased force components due to releases of the 
remaining components (used in 2.1.1 only); 
degree of indeterminacy of structure; 
number of free nodes; 
number of members; 
total number of joint displacements in structure; 
Symbo 1 s 
p 
p 
pi 
pi 
R 
T 
ul 
u' 
v 
NOTATION 
= appl ied branch force vector; 
= total branch force vector; 
= appl ied joint force vector; 
= mesh ferce vector; 
= total member force vector; 
= transformation matrix; 
= applied mesh distortion vector; 
= joint displacement vector; 
= cantilever deflection vector at end B due to appl ied loads 
when member is cantilevered from A; 
= total member distortion vector; 
r = permutation matrix for induced member force and distortion 
vectors; 
~ = permutation matrix for joint displacement and force vectors; 
A = permutation matrix for released member force and distortion 
vectors; 
= permutation· matrix for released joint force and distortion 
vectors; and 
= cantilever force vector at end A of member due to given 
1,... .... ,.l .... ( .. ,...".,.1 : .... ') 1 1 J"'\ ..... l,,\ 
Ivau;:) \u;:)"'u III "-.1., VII'1/' 
Subscripts 
A = positive end of member; 
B = negative end of member; 
c = member constraints; 
g = global coordinate system; 
r = member re 1 ease's; and 
R = jo int releases. 
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NOTATION 
Superscripts 
t = matrix transposition; 
~ = permuted quantities; and 
A = effective quantities. 
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APPENDIX 2 
SYMMETRY AND ANTISYMMETRY OPERATORS 
The table below gives the permutation operator J~ 
all cases of symmetry and antisymmetry. 
Structure Axis or Plane Symmet ry· 
PLANE TRUSS X axis [1 oJ 
y 
L, 
X Y axi s [0 J 
-7 
~. 
PLANE FRAME [ J X axis 0 
Y 
)l lL. ~X [ J 3 Y axi 5 1 Z 
GRID FRAME [ OJ X axi s 0 
Y 
~I f 
X [ J 3 ~2 Z axis 1 Z 
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Ant is ymmet ry 
[0 J 
[1 
oJ 
[ 1 J 
[ 0 ] 
[ 1 J 
[ 0 J 
55 
-~ 
Structure Axis or Plane Symmetry Antisymmetry 
XY pI a!le . [ 1 J [ 0 J 
SPACE TRUSS 
~x Xl plane [ 0 J [0 1 J 
r 
2 
Yl plane [ 1 J [ 0 J 
11 - - l 0 1 0 
SPACE FRAME I 1 0 1 J XY plane 0 1 0 1 L 
'--
,...-
-
""-0 -1 
0 1 
Xl plane 1 0 Y 0 1 ~x 1 0 -- Q.. 1 ..... -
r_ -, r-_ --. 
r U I Z 
1 0 
Yl plane 1 0 1 0 
0 1 
'--
Q 
...... 
1_ 
- I ! I 
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APPENDIX 3 
SAMPLE SOLUTION OF A PORTAL FRAME WITH MEMBER CONSTRAINTS 
Descr ipt ion 
In order to illustrate the procedure developed in Section 2.3 
for the treatment of member constraints, Eq. (2.58) will be generated 
for the portal frame shown in Fig. A.l considering the axial deformations 
of all the members to be constrained. 
The operations will be described in the-manner that they are 
performed in the computer program, and follow closely the implementation 
procedure set out in Section 4.3. 
42 ~~ 
~ (F-: = __ =_..--.-:~ __ --+---+: ~ ~k 
-30 ® 
0 
For all the members: 
EI = 100 units 
AE = 10 units 
l = 10 units 1 
(0 
Fig. A.I Portal Frame 
Solution 
Member stiffness matrices 
Members 1 and 3: 
[ A:L 0 -6~/L2] [: 0 -~] KSB = E 12I/L3 = 1 .2 
-6I/L2 4I/l .:.6 40 
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As the axial deformations are constrained 
r = ~;!-J = [;-; -~J II = rt r 1 1 1 1 0 0 
The rotation matrix from member to global coordinates is 
Hence, 
[
10.
2 
00 6
0 
J 
KEB = T~ I] KBB I; Tg = 
6 0 40 
Member 2: 
KBB , r, I; = same as for member 1 
T = I g 
Hence, 
[: 
0 -~J KEB = 1 .2 
-6 40 
Incidence Matrix 
>- node 
2 
~r I I :] [~ 0 "l l lU A = c 2 -H21 H21 = co L ..0 3 0 0 
Step 1: Generation of [r2-I~ 
Member 1 
The positive end, jp, is a support and, therefore, provides no 
cOntribution" to [I'ZTgA}. The negat ive end,jm, is joint 1. 
r 2 = [1 0 0] 
ITo oD 
Tg =t~ 0 ~J 0 
o o 0 0] 
Member 2 
jp = 1, jm = 2 
0', 
" "il l~ v ~J T = 1 9 0 
00 0 0] 
Member 3 
jp = support, jm = 2 
[r2T A]3 . = Io 0 0 9 ,J o 0] 
The complete [r2TgA] matrix is, therefore~ given by, 
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nj=nxjf 59 )' 
[-~ 0 0 0 :] ! c [r2TgA] 0 0 0 3 n=2 = = j f=3 o· 0 0 0 
Step 2: Choice of Joint Deformations to be Constrained 
The [r2TgA] matrix is stored as it is later required to extract 
A22 " The matrix is then operated upon to evaluate its rank in the 
fol lowing manner, keeping track of the switching of columns during the 
operations in the vector NC: 
NC 1 
[-; 
2 
2 
o 
o 
[: -; 
3 4 
o ~ 0 
o 1 
o 0 
3 
o 
o 
o 
4 
o 
o 
o 
5 
o 
o 
5 
o 
o 
6 
:] Interchange 
Interchange 
): 
C3 and C5 
2 [: 
2 [: 
o 
-1 
o 
o 
-1 
~O 
3 
o 
o 
o 
5 
o 
o 
4 
o 
1 
o 
4 
o 
o 
o 
5 
o 
o 
3 
o 
o 
o 
6 
:] 
6 
:] 
The above operation shows that the rank of [r~T A] is 3. In 
L. g 
addition, the vector NC indicates that joint deformations 1,2 and 5 are 
1 inearly independent and are the ones to be constrained. Hence, the 
nature of ~1 and ~2 is automatically fixed; these are not stored formally 
as the pertinent information is always available from NC. However, 
before proceeding further, NC is rearranged and copied into an array 
called NCP with the constrained joint deformations distinguished by 
negative s~gns and numbered sequentially as follows: 
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nj 
0 0 0 0 0 
[-~!j 0 0 0 1 0 0 nj-c I 0 0 0 0 I 0 0 1 = - - - J, -0 0 , 0 0 0 I 
I 
0 0 0 0 0 c 
0 
0 0 0 0 0 
NCP -1 -2 3 4 -3 6 
~ ~
Joint CD Joint CD 
The a rea NCP indicates that 
J' for joint CD t [0 0 1 J because NCP (1 ,3) = 6 1 6 1 = is positive 
J I fo r j 0 i nt CD t = [1 0 1J because NCP (2,1) and = 6 1 6 1 , NCP(2,3) are positive 
Furthermore, the negative elements of NCP indicate the columns to be 
extracted from the original [I'2TgA] matrix to form A22 • Thus, 
After invertingA22 , formal mu1tipl ication yields 
= [ : 
0 0 -1 0 
: lnj ,c ) -1 [A22r 2 T gA] 0 0 0 0 0 0 1 
0 
Step 3: Generation of B3 
?--
t -1 ~ The negative e1.ements of NCP indicate the rows of b.2[A22r2TgA] 
-1' into which the rows of [A 22r 2TgA] must be placed. Thus, 
-1 t =1 Row of [A 22r 2TgA] is Row 1 ~f b.2[A22r2TgA] 
"" 1 t -1 . Row 2 of [A22r 2TgA] is Row 2 of b.2[A22r2TgA] 
-1 t -1 
Row 3 of [A22r2TgAJ is Row 5 of b.2[A22r2TgA] 
The post-mu1tip1 ier J' modifies b.~[A;~r2TgA] such that the columns cor-
responding to the negative elements of NCP are set equal to zero. 
Thereupon, 
0 0 0 1-1 I 0 0 
0 0 0 I 0 0 0 I 
I 
B3 
0 0 0 I 0 0 0 
= - - - 1"" - -
0 0 0 I 0 0 0 I 
I 
0 0 0 I 0 0 0 
I 
0 0 0 I 0 0 0 I (rij , nj ) 
Hence, 
[-~- I 1 J I 1B3 = i I 0 I (n,.n) 
Step 4: Generation of, B~ ~l 1~2 
From Eq. (4.3): 
where 
(HZ. . - Z. . )1<EB (HZ. . - Z. .) I,JP I,Jm JP,J Jm,-j 
Z = J' - B 3 
Each member is considered separately and the individual con-
t" tributions of every joint to B2K1IB2 are determined. Finally, summation 
tJ\ yields B2Kl1 B2 " 
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Member 1 
jp = support. Therefore, Z. . = Z. . = 0 
l,jp jp,j 
jm = joint 1 
j = 
j = jm, 
From Ta b 1 e I B 3 : B 3, 1 1 = [0 ] 
Hence, 
Z. 1 jm, = JI - B = 3 
= 
= jrn 
As above, 
t" Therefore, the contribution to B2KI1B2 is 
..,. t " ..., 
=L.I\. l.. = l,jm EB jrn,l 
= 2 
i ~ jrn. Therefore, J I = [0 ] 
From Table 1B3 and matrix B3= 
Hence, 
Z2,jrn = - B3, 12 = lr~l~ 0 O~_] 
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[: 
0 
:J K21 t 0 = z2 . KEBZ. 1 = ,jm jm, 0 
j = 2 
z. 2 = [ 0 0] j f!l, 
= 
Z1 • = e 0 J ,jm 
Therefore, 
t [600 ~o oOoJ K12 = Z1 . KESZ. 2 = 
,jm jm, 
= 2 
Member 2 
jp = joint 
jm == j?int 2 
j = 
j = jp, .J ~ = [0] jm 
From Table 1B3 B3, 11 = [ OJ B3,21 = . [0] 
Hence, 
z. 1 = J I = [0 0 1J J p, j P 
Z. 1 = [0] jm, 
J 
= 
z . = [0 ] 1 ,j m 
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Therefo re., 
= 2 
~ jp, JI = [0] . Z -
, 2,jp-
= jm, 
From Table 183, 83,22 = [0] Hence, 
Therefore, 
[0 0 0J' = 0 0 0 
o 0 20 
j = 2 = jm 
Z j p, 2 ~ B 3, 1 2 = [1 0 J 
Zjrn,2= Jjrn ~o= [1 0 J 
i = = jp 
. Therefore, 
= 2 = jm 
Member 3 
jp = support. 
jm = joint 2 
j = 1 
= I~ ~ ~l L~ 0 2J 
Therefore, z .. = z .. =[OJ I,JP jp,j 
j ~ jm and 83,21 = [0] . Hence, 
0 
z. 1 = JI - 8 = [0] j m, 3,,21 
j = 2 
Hence, 
= 1 
Z1 . = [0] 
,j m 
= 2 
Therefore, 
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K22 = [-z. 2]tKEB [=Z. 2] Jm, Jm, 
[' ~2 0 4: ] = 0 0 
Summ i ng all the above contributions: 
Step 5: 
Step 6: 
Term 1 
0 
0 
0 
t/\ 
B2Kl1 B2 = 0 
0 
0 
Add B3 and Bt 3 
to AtKA 
0 
0 
0 
t 
B3+ B3 = l-: 
t Contribution of B4 To A KA 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-
0 
0 
0 
0 I 0 I 
J 
0 I 0 
I 
80 I 6 
~ = 
- 1- -
6 1 2.4 
I 
0 I 0 
20 6 
0 I -1 I 
I 
0 I 0 
I 
0 I 0 
+-
0 0 
0 0 
0 0 
J II A t A = D2 D2 
0 
0 
0 
-
0 
0 
0 
0 0 
0 0 
0 20 
0 6 
0 0 
0 80 
~l 
0 
0 
0 
0 
The negative elements of NCP indicate the locations of unit 
elements on the principal diagonal of J '1• As elements 1,2, and 5 of NCP 
are negative: 
J" = o J_ 
I 0 
I 
I 
I 
I o 
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Term 2 
-1 t-1 As [A22r 2TgA] [A22r 2TgA] is pre- and post-multiplied by J', 
-1 t-1 the positive elements of NCP indicate the elements of [A 22r 2TgA] [A 22r 2TgA] 
that must be computed by formal multipl ication of the columns of 
=1 [A22r 2TgA]. This yields 
o 0 _[QJ_ 
o 0 [QJ 
000 
o 0 [QJ 
Note that only the elements enclosed by rectangles are computed. 
Step 7: Modification of Joint Loads 
,B 1 =J I - B~: 
Considering any two joints and j : 
B1 •• J! . t = B3 •• 
, I J IJ , IJ 
in which 
J ~ . ~ 0 when = j IJ 
= 0 when ). . r J 
= 1, j = 1 
= 1, j = 2 
=J I 11/ 2 0_ Bt B /f 2 3, 12 = - 3,21 = [0] 
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= 2, j = 
t 
= -B 3,21 = = [1 0 oJ -B 3,12 
= 2, j = 2 
Comb i n in 9 the submatrices of B1: 
0 0 0 I 0 0 0 I 
0 0 0 I 0 0 0 I 
I 
B1 
0 0 I 0 0 0 
= .... i .... -0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 
SteE 8: Assemble Eg. {2.58} 
B pi tA t B4 ] u
l 
= [B2K1 1B2 + B3 + B3 + 1 . 
[:- 0 0 
I 0 0 0 5 
J-:-
0 0 -1 0 0 f,( I I -":\ 0 0 I 0 0 0 0 0 0 0·.1 0 I 6 0 I 0 0 0 0 0 80 0 20 
r -
U 
0 0 1 0 0 5 I -1 0 6 3.4 0 6 l J 0 0 0 0 0 J l ~ l~ 0 0 0 0 0 0 0 0 0 20 6 0 ·80 
The above stiffness equation~ yields the unknown j 0 i nt displace-
ment SUi. Hence, the member stress resultants are obtained by back-
substitution into the individual member stiffness equations. 
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APPENDIX.4 
SAMPLE SOLUTION OF A STRUCTURE WITH 45 0 SYMMETRY 
The structure to be analyzed is shown in Fig. A.2(a). Taking 
advantage of the symmetry ~bout an axis at 45 0 to the centerl ines of both 
members, the equivalent single member structure that has to be solved 
is shown in Fig. A.2(b). 
L = EI = AE = 
(a) (b) 
Fig. A.2 Frame with 45 0 Symmetry 
Since the release coordinates do not coincide with the global 
orientation, the rotation matrix TR of Eq. (2.30) is not a unit matrix. 
However, as there are no specified displacements in the unreleased 
AI 
di rect ions, uRI = 0, i.e., 
furthermore, because there are no completely free joints in the structure, 
(') "-!\ .A. I ( ) K11 , K12 , K21 and PI are el1minated from 2.30 • In view of all the 
above considerations" Eq. (2430) for the given structure becomes 
(a) 
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where ~22 = Tt J' t J II T AtKA Tt J" T R 1 TR + TR 1 R R 1 R 
A.I 
= rt JilT 151 P2 R 1 R 
Ji = 12t 
°1 1 1 
J" = nt 122 1 2 
From Appendix 2, since the problem is one of symmetry, 
Jj' = [0 
oJ 
J' = I -J II [I 0 J 1 1 
The rotation mat r ix, T R' is given by 
[C~S 9 -sin 9 
:J [ .707 
.707 
:] TR = sIn e cos 9 = -.707 .707 0 0 0 0 
Hence, 
[ .5 -.5 
:J [5 
.5 
:J Tt Ji'T = "<5 .5 Tt JI T = .5 .5 (b) R ,1 R R 1 R 0 0 0 0 0 
The unmodified stiffness matr ix of the structure, =t = A KA, cons i sts only 
of KSS of member. 1. Therefore, 
[AIL 0 -6~/L ~ [: 
0 
-n =t = EO 12I/L3 12 (c) A KA = = 0 -6I/L2 4I/L -6 
From the fixed end forces of member 1, the joint load vector, ~I, is 
(d) 
Substituting (b) and (c) into the stiffness equation (a) results 
in 
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{=' ='] [ 3.75 -2.75 :] {~l} . 5P l - .5P2 -.5151 + .5152 = -2.75 3.75 (e) 0 0 0 
Using the load vector (c) and solving leads to 
ul = _~I 1 2 
p' 4 =, 2 
units u2 = -13 = 13 
Finally, backsubstitution into the stiffness matrix of member 1 yields 
the desired end moments and reactions. 
.-'1I!'! 
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APPENDIX 5 
SAMPLE NUMERICAL SOLUTIONS 
Frame A 
'Iok (symmet ric load i ng) 
I 
~-_--"--7-r--r-_--,I- -- - - - -~ - - - - - -1 
I 
:Iok (antisymmetric loading) 
10' 
2 
A----i---r--r---", - -- - - - - - - - - - - --t 
). ( I 101 
\- Positive End \J 
Structure ..0 t Axial Shea r Moment 
v Force 2: 
Frame A wit h s ymmet ric 1 0 1 .. 136 5.681 
loading 2 1 . 136 0 0 
3 0 8.863 31.818 
Frame A with anti- 1 -.317 - .05 .... 169 
symmet ri c loading 2 0 -.317 .338 
3 .317 6.45 17.33 
Frame A with symmetric 1 0 2.50 12.5 
loading and axial 2 2.5 0 0 deformat ions of member 
2 constrained 3 0 7.50 24.5 
For all members: 
E1 = 100 units 
AE = 10 units 
Negative End 
Axial Shea r Moment 
Force 
0 -1. 136 5.681 
~.J .136 0 0 
.. J 
0 1. 136 6.818 
.317 .05 - .. 338 
, 
0 .317 2.838 
"". ~ 17 3.55 -2.838 
0 -2.5 12.5 
-2.5 0 0 
0 2.5 0 
Table A.l Stress Resultants of Frame A 
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Frame B 
I~ \rok (s ym. load i ng) ,. , 
jj---~-,--..,...-.,...---,~---i - -- - - - -,- - - - - -i-----~ 
, I t 
10' 3 
I , 110 k (a n tis ym • 1 oa din g) 
I 
I 
I I I 
I I 
I 'A---~r---t""-~~--+---- - _-1_ ------- -- --1 
10( ) I ( t J I ~ J I 10' 1'01 10' 
For a 11 members: EI = 100 units 
AE = 10 units 
Positive End Negative End 
~ Structure III 
...D Axial Shear Moment Axial Shear Moment I E QJ Force Force L 
1 .219 1.477 8.60 -.219 -1 .477 6 .. 172 
2 -.438 0 -2.428 .438 0 2.428 
Frarr;e B wi th 3 1.477 0657 -30744 -1 0477 .657 -2.834 symmetric loading .. 
4 ... 219 80523 30.873 .219 1.477 4.354 
5 .438 0 -1.519 -.438 0 1 .. 519 
1 -.341 .498 2.313 .341 ... 498 2.676 
Frame B with anti- 2 0 -.562 -2.811 0 .562 -2.81 1 
symmet ric loading 3 1 .061 ~.341 . 135 -1 .061 .341 3.279 
4 .. 341 7.715 24.325 =.341 2.285 2 .. 833 
5 0 -1 .222 ~6. 11 3 0 1 .222 -6. 11 3 
1 .219 2 .. 031 11.924 .... 219 -2.031 8.388 
Frame B with 2 ..... 438 0 ~3.536 .438 0 _ 3.536 
symmetric loading 3 2 .. 031 0657 .... 4.851 -2.031 -.657 -1 .726 and axial distor-
tions of member 3 4 
- .. 219 7.968 27.549 .219 2.031 2. 138 
constrained 5 .. 438 0 - .411 -.438 0 .411 
, 
Table A.2 Stress Resultants of Frame B 
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